California State University, San Bernardino 


CSUSB ScholarWorks 


Theses Digitization Project John M. Pfau Library 


2010 


An investigation of Kurosh's theorem 


Keith Anthony Earl 


Follow this and additional works at: https://scholarworks.lib.csusb.edu/etd-project 


G Part of the Algebraic Geometry Commons 


Recommended Citation 
Earl, Keith Anthony, "An investigation of Kurosh's theorem" (2010). Theses Digitization Project. 3814. 
https://scholarworks.lib.csusb.edu/etd-project/3814 


This Thesis is brought to you for free and open access by the John M. Pfau Library at CSUSB ScholarWorks. It has 
been accepted for inclusion in Theses Digitization Project by an authorized administrator of CSUSB ScholarWorks. 
For more information, please contact scholarworks@csusb.edu. 


AN INVESTIGATION OF KUROSH’S THEOREM 


.A Thesis 
Presented to the 
Faculty of 
California State University, 


San Bernardino 


In Partial Fulfillment 
of the Requirements for the Degree 


Master of Arts 


Mathematics 


by 
Keith Anthony Earl 


December 2010 


AN INVESTIGATION OF KUROSH’S THEOREM 


A Thesis 
Presented to the 
Faculty of 
California State University, 


San Bernardino 


by 
Keith Anthony Earl 


December 2010 


Approved by: 


a wall/27 lo 
Date 


Dr. Zahid Hasan, Committee Member 


Dr. Peter Williams, Chair, 


Dr. Charles Stanton 
Department of Mathematics Graduate Coordinator, 


Department of Mathematics 


iii 
ABSTRACT 


An algebra A is a vector space over a base field # which is not necessarily 
commutative nor unital. Though an algebra may be generated by a finite HraDeE of ele- 
ments, this dces not necessarily imply that the algebra is finite dimensional over ¥. This 
study will be investigation of Alekander Kurosh’s problem, in the attempt to establish 
the necessary hypotheses to ensure that a finitely generated algebra is finite-dimensional. 

An algebra A is algebraic if for éach a € A, ana” +ay—ja"7!+-+++a9 =0 for 
some a; € F and n > 0. Additionally, an algebra is said to satisfy a polynomial identity 
if there exists an f € F(x1,...,2g) such that f(az,...,aq) = 0 for every a1,...,a¢ € A. 
In this study we will arrive at the conclusion that if A is finitely generated, algebraic 
and satisfies a polynomial identity, then A is finite-dimensional, providing a sufficient 


condition to the Kurosh Problem. 
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Chapter 1 


Introduction 


In this work, an algebra A is a vector space over a base field F which has a 
bilinear associative multiplication and is not necessarily commutative nor unital. If every 
finitely generated subalgebra of A is finite-dimensional then A is locally finite. In the 
case that A is finite-dimensional it will naturally occur that A is locally finite, since every 
finitely generated subalgebra is a subspace of A. In the case that A is infinite-dimensional, 
would <A be locally finite? The answer to this question is no since the algebra F[2] of the 
polynomials in x is infinite-dimensional, but is generated as an algebra by {1, a}. 

In 1902, William Burnside posed a group theoretic conjecture on whether a finite 
collection of elements of finite order generates a finite group. Alekander Kurosh, in 1941 
[Ami74, p.2], posed an analogous question in terms of algebras to that of Burnside’s in an 
attempt. to add a hypothesis to guarantee the local finiteness of algebras. An algebra A 
is said to be algebraic if for each element a € A, the subalgebra generated by a is finite- 
dimensional; that is for some n > 1 and for some ap,...,Q@n € F, ana” + aga"! + 


-+++ a9 = 0. The conjecture proposed by Kurosh can then be stated as follows: 


Suppose that an algebraic algebra A has a finite number of algebra generators, is A 


locally finite? 


Although Kurosh validated this conjecture in the specific case for algebraic al- 
gebras each whose elements satisfy a minimal polynomial of degree no greater than three, 
in 1963 E.S. Golod and I.R. Shafarevitch disproved Kurosh’s conjecture by constructing 
an infinite-dimensional finitely generated algebraic algebra proving Kurosh’s general con- 


jecture in the negative. In order for .A to be finite-dimensional an additional hypothesis 


pet oe ae oh 


is needed to limit the length of the words 2;, ---2;,, € F(a1,...,%4), the free associative, 
non-commutative algebra in the indeterminates x), ..., 2g. 

For example, if the condition of commutativity is imposed on the algebra A 
then the subalgebra generated by {a1, a2} CA wilt then be locally finite, since the degree 
of each word a™a™ ...atag? = aft tay tt in the subalgebra is bounded by 
the degrees of the polynomials satisfied by a, and ag respectively. To see this process in 
detail, let a; and a2 be nil with aj = 0 and a§ = 0, then a, and ag are algebraic and 
an ee apne = ajay’, for some 0 <n<r, OS m<-s. Thus the typical element 
of the subalgebra generated by a; and ag is spanned by these finitely many a{aj’, and so is 
finite-dimensional. The same iterative process may be used to show in the algebraic, but 
not necessarily nil case, that A is locally finite. Though every commutative nil algebra is 
locally finite, in the absence of commutativity and nil-potency we will need the inclusion 
of a polynomial identity. 

Let A be a algebra, then A satisfies a polynomial identity (P.1.) if there exists 
some f(#1,...,%¢) € F(a1,..., 24) such that f(ai,...,ag) = 0 for every ai,...,ag € A. 


Kurosh’s theorem can now be stated as, 


Suppose that an algebraic algebra A satisfies a polynomial identity, then A is locally 
finite. 


In order to comprehend Kurosh’s throem, we will need to investigate the notion 
of a module over a ring. A module M over aring R (R-Module) is a ring homomorphism 
R — End(M), the ring of all endomorphisms of the abelian group M. For a given R- 
module M, a specific ring homomorphism that will be frequently used in this thesis will 
be the map R — End(M) which sends at> S, where (b)S, = ba (b € M). Furthermore 
a module is faithful if the ring homomorphism is 1-1, and is irreducible if there does 
not exist| any proper submodules of M other than {0}. 

For example Z; is a right (or left) Z-module given by the ring homomorphism 
©: Z — End(Zz) where for r € Z, S, is well-defined by (x)S, = ar (2 € Zz). Since the 
only proper subgroup of Zr is (0), Z7 does not contain any proper submodules, hence 
it is an irreducible Z-module. In addition Z, is not faithful as a Z-module since any 
two multiples of 7 produce the same image in End(Z7). In particular for 7,14 € Z, 
(x)S7 = 7z = 0 = 14x = (z)Si4, thus © is not 1-1 since Ker(®)=7Z. To correct this we 
may consider the ring Z/Ker(®) = Z/7Z, and by the first isomorphism theorem of rings 


WU : Z/7Z — End(Z7) is a 1-1 mapping. We have constructed a Z/7Z-module Z7 that 
is faithful and irreducible. Alternatively, the abelian group Zg is neither a faithful nor 
irreducible Z module, since multiples of 6 will produce the same image under ®, and it 
contains the proper subgroups and hence submodules (2) and (3). 

In this project we will also need to present the commuting ring A of an R- 
module M, which is the subring of End(M) consisting of all endomorphisms of M that 
commute with the endomorphisms 5, (a € R). We will then examine Jacobson Den- 
sity, which is a generalization of all A-linear endomorphisms on M, and the concept of 
primitive rings (rings having a faithful irreducible module). These ideas will be necessary 
to prove Kaplansky’s theorem an important breakthrough in P.I. theory and in the 
development of Kurosh’s theorem; it states that a primitive algebra that satisfies a P.I. 
is finite dimensional over it’s center. 

This masters project. will be an exposition of the Kurosh Theorem and the 
necessary and sufficient condition that A must be algebraic and satisfy a P.I. to be locally 
finite. 


Chapter 2 


R -Modules & Schur’s Lemma 


2.1 ®-modules 


In this chapter we will introduce the concept of a module over a ring, which 
will be referred to as an R-module. Generally an R-module is a vector space over a ring. 
Formally an R-module may be described using representation theory (Chapter 1) but it 


will be beneficial to the reader for an axiomatic description. 


Definition 2.1. Let R be a ring and M an additive abelian group. Then M is a right 
R-module if there is a map M x R —+'M, sending (m,r) +> mr and for which the 
following holds for allm € M andré R, 


1, (m4 + ma)r = mir + mer 
2. m(ry +7r2) = mry+ mre 
3. (mry)re = m(rire). 


Though the rings that we consider do not necessarily have unity, an R-module 
M is unital if there exists 1 € ® such that m(1) = m for every m € M. Additionally we 
could define a left R-module by allowing the ring elements to act on the group elements 


on the left, but throughout this study an R-module will simply be a right R-module. 


Example 2.2. 6Z is a right Z module, 6Z x Z —~+ 6Z with the action defined as 
(x+6Z)y=a2y+6Z (2,y € Z). Since 6Z is a two-sided ideal of Z, the properties of 6Z 


as a Z module are satisfted. 


In the. context of a vector space Y, a subspace of V is a subset which is a vector 
space itself under the operations of Y. It will be natural for us to define an analogous 


concept in terms of modules. 


Definition 2.3. A submodule N of M is an abelian subgroup of M which is closed under 
scalar multiplication: if2 ¢.N,réR then zr EN. 


Example 2.4. ? itself is a right R-module with the action defined as usual ring multi- 


plication. In addition any right ideal ideal U of R is a submodule of R. 


We will often denote the action of R on M by multiplication. That is MR = 
{mr | m € M, r © R}. This will serve to remove any confusion that might arise by 


implementing function notation. 


Proposition 2.5. Let M be an R-module then for a fixed m€ M, mR is a submodule 
of M. 


Proof. To verify this we will first show that mR is a subgroup of M. M is an R-module, 
hence mR © M. For mri, mre € MR we have mr; — mr2g = m(r1 — T2) € MR. By the 
standard subgroup test mF is a subgroup of M. To see that it preserves multiplication 
by ring elements, it follows from the fact that M is an R-module that for r; € R, 


(mri)ro = m(rira) € MR. O 


Example 2.6. Let V be a submodule of M. The quotient module M/W is an R-module 
by defining the action (NV + m)r =A + mr for every r € R, me M. 


Proposition 2.7. If U is an ideal of R then the submodules of M as an R-module 
correspond to the submodules of M as a R/ U-module. 


We will defer the reader to [Jac09, p.3] for the proof of this proposition. 


Definition 2.8. If A4 and NV are R-modules then the mapping @ :. M -N is a module 
homomorphism if and only if for mi,m2 € M,rEeR 


1. (m1 + mMo)V = (m1) + (mo)V 
2. (myr)V = (m4) Ur. 


Definition 2.9. A module M is irreducible if the action on M by F is non-trivial 
(MR # {0}) and if the only submodules of M are {0} and M. 


Definition 2.10. An ideal J of R is mazimal if for every ideal S of R such that Ic $C 
R, then S = ‘R. 


The next result provides a family of examples of irreducible modules. 
Proposition 2.11. Let I be a maximal ideal of R then R/T is an irreducible R-module. 


Proof. Let I be a maximal right ideal of R. Since R/J is an R-module, it suffices to show 
that R/I contains no non-zero proper submodules. If V is a non-zero proper submodule 
of R/I, then the preimage of NV’ under the map uv: R -R /I is a right ideal of R. 
Furthermore this right ideal is not equal to R and properly contains J. A contradiction, 


since I is maximal. Hence V = {0}. Oo 
Example 2.12. For any prime p, Z/pZ is an irreducible Z-module. 


Example 2.13. For a field F, let g(a) be an irreducible polynomial in F[z]. Define the 
principle ideal of F[x] generated by g(x) to be (q(x)) = {f(z)q(x) | f(x) € Fla}}, then 
F |x] /{q(z)) is an irreducible F[z]-module. 


Proposition 2.14. Let M be an irreducible R-module, then for every non-zerom € M, 
mR =M., 


Proof. Let m #0 be an element of M. Then mR and NV = {z € M | zR =0} are both 
submodules of M. From irreducibility, both submodules are either 0 or M. We see that 
N = {0}, otherwise WR = {0} = MR which implies that the action is trivial. As a 
result MW = {0} and since m # 0, we have that mR # {0}. We see that mR=M. O 


This result will be often referred to in Chapter 4. 

For an R-module M if Mr = 0, it does not necessarily imply that r = 0. In 
Example 2.2 for 6 € Z and for every « € Z we have (x + 6Z)6 = 26+ 6Z = 0+ 6Z. In 
Example 2,13, any polynomials g, hk € F [x] with g(x) = h(x)q(z), g(x) will be mapped to 
0 under the action on F|x]/{q(z)) by F[z]. We will look to classify these ring elements 


that annihilate the module by the given action. 


Definition 2.15. Ann(M) = {r € R| Mr = {0}}. Furthermore, a module M is faithful 
if Ann(M) = {0}. 


We will leave it to the reader to verify that Ann(M) is a two-sided ideal of R. 


Proposition 2.16. M is a faithful R/Ann(M)-module. 


Proof. Consider ® : M x R/Ann(M) — M, (m,r + Ann(M)) & m(r + Ann(M)) = 
mr+Ann(M). With the presence of cosets we must first show that this mapping is well- 
defined. To see. this suppose (m,r+Ann(M)) = (m,r’+ Ann(M)). Since r+ Ann(M) = 
r'+Ann(M), we have r—r’ € Ann(M). In particular, m(r—r’)4+-Ann(M) = 0+Ann(M). 
From this we obtain the desired result mr + Ann(M) = mr’ + Ann(M). One can verify 
that the defined action preserves the necessary properties of an R/Ann(M)-module. 
We will proceed to show that ® is faithful by proving that only the zero element 
in R/Ann(M) annihilates M. Let m(r + Ann(M)) = 0 for every m € M. From the 
definition of Ann(M), we see that mr = 0 for every m € M. This places r € Ann(M). 
We have the showed that r+ Ann(M) =0-- Ann(M). So M is a faithful R/Ann(M)- 


module. | 


2.2 Module Representation 


Proposition 2.17. 1) Let M be an R-module then there exists a ring homomorphism 
R — End(M), the ring of all endomorphisms of M. 2) Let M be an abelian group and 
let 9: R — End(M) be a ring homomorphism. Then M is an R-module. 


Proof. {1) For every r € R let S, : M — M with the evaluation (m)S, = mr. Since M 


is an R-module we see that for m,,m2 € M, 


(mi+m2)Sp = (m1 +ma)r 


= mr+mor 


(m1) Sr + (m2) 5,, 


so 5, is an endomorphism of the abelian group M. End(M) is a ring with respect to the 
binary operations of addition and multiplication given by: for ¢, ¢ € End(M) we define 
addition as (m)(¢+ ~) = (m)¢@ + (m)%, and multiplication as (m)(#%d) = [(m)]¢. 

Let @ : R — End(M) with (r)@ = S,. Then for r,s € R and m € M, 
(m)Sp43 = (m)S, + (m)Ss which results in (r + s)® = (r)® + (s)®. In addition we see 
that (m)S;, = (m)(rs) = (mr)s = [(m)S,]S;. Thus (rs)® = (r)@(s)®. We see that & is 


a homomorphism. 


(2) Define the map M x R > M with (m,r) > (m)®,. Where the evaluation 
at r of the endomorphism, (r)® is @,. By applying the fact that ©, is an endomorphism 


of M we see that the axioms of M as a R-module are satisfied. 
1. (m1 + me) ®, = (m1) 8, + (ma)®, 
2. (m)Bp45 = (m)®, + (m), 
3. (mn) Br = [(m)®,]B,, 
Thus the ring homomorphism ® defines an R-module. O 


What arises from this proposition is an alternate way to define an R-module. 
In addition to the axiomatic approach, we may consider an R-module M to be a rep- 
resentation of ®. That is there exists a ring homomorphism from R > End(M). This 
approach will be used primarily in Chapter 3, in an attempt to describe special char- 
acteristics of -modules. The definitions defined earlier in this chapter may be viewed 
in the context of Proposition 2.17. For instance, a faithful module may be viewed as a 
injective homomorpism R > End(M). 

In addition, a consequence that arises from Proposition 2.17 is that every r € R 
may be identified with a specific endomorphism of M, S,. In the proceeding definition 
we will look to characterize the endomorphisms of M/ that commute with the particular 


endomorphisms S,. 
Definition 2.18. C(M)={¢ € End(M) | 65; = S,¢ for every r € R} 
Proposition 2.19. C(M) is the ring of all module endomorphisms of M. 


Proof. Since the identity endomorphism 1,: m+ m is in C(M) we see it is a non- 
empty subset of End(M). For ~,@ € C(M), we have (m)S,(@ — ~) = (mr)(¢ -— yw) = 
(mr) — (mr)p = (mS;)¢ — (mS, = (mg) 5, — (mp) Sr = (m)}(¢ — $)S-, which places 
¢—w € C(M). To see that yd € C(M) observe that (m)S,(¢v) = (m)(¢5;4) = 
(m)(d)S,. It may be concluded that C(M) is a subring of End(M). 

Let YT be the collection of all module endomorphisms of M. For an arbitrary 
@ € C(M), by definition (mi + m2)® = (m1)® + (me)® and (mr)® = (mS,)® = 
(m®)S, = (m®)r. As a result C(M) C YT. Conversely, any module endomorphism of T 
must preserve the scalars of R, hence must commute with every S, so TY C C(M). With 


both inclusions proved we see that C(M) = TY. 0 


2.3 Schur’s Lemma 


Definition 2.20. A division ring is a ring in which every non-zero element has a multi- 


plicative inverse. 


Theorem 2.21. (Schur’s Lemma) Let M be an irreducible R-module, then C(M) is a 


division ring. 


Proof. For C(M) to be a division ring we must show that any non-zero element of C(M) 
is invertible. That is if ¢6 4 0 and ¢ € C(M), there exists a d—! such that ¢¢6-} = 
¢-'¢ = 1m. Note that this can be reduced to proving that if ¢ € C(M) that there is 
ago! € End(M). This is because if S,¢ = $5, for every r € R, then 671(S,¢)¢—! = 
$-1(¢S,)¢-1, which results in $15, = S,¢7! placing ¢-! € C(M). 

Let @ # 0 € C(M) and denote (M)¢ = N. For every r € R we see that 
Nr = (N)S, = (M¢)S; = (MS,)¢ C (M)¢@ C N. Thus N is closed under multiplication 
of elements of the ring ®. From this we see that N is a submodule of M. Since M 
is irreducible, N is either M or {0}. This implies that (M)¢ = M or (M)¢ = {0}. 
Since ¢@ # 0 the latter case cannot occur, thus (M)¢ = M. We see that ¢ is surjective. 
From definition the kernel of this mapping, Ker(¢) is a submodule of M. In addition it 
cannot be all of M thus, Ker(¢)={0}. Note that ¢ is injective, since if m1, m2 € M with 
(m1) = (ma)¢, then (m1 —ma)¢ = O which implies that m1 — mz € Ker(¢) = {0}. Thus 
mM, = Mg. We have proven that ¢ is a bijection. Thus there is an inverse ¢~! which is a 


endomorphism of M. From the previous remarks, we have proven that ¢~! € C(M). O 
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Chapter 3 


The Density Theorem 


3.1 The Density Theorem 


Definition 3.1. A ring is primitive if and only if it has a faithful irreducible module. 


From Schur’s Lemma, for an irreducible module M, it was proven that the 
commuting ring C(M) is a division ring. With this result, we may view M as a right 
vector space over C(M). In fact denoting C(M) = A, then for v € M and a € A, va 
is the evaluation of » by the module homomorphism a. Since M is an R-module, vector 
addition is identical to addition of group elements of M. The scalars of M are elements 
of End(M), so both distributive laws are satisfied and by the properties of composition 
of functions: v(a + 8) = va+ v8, v(af) = (va)f. Since A is a division ring the scalars 
do not necessarily commute. Aside from this, most properties of a vector space over a 


field (i.e linear independence) are preserved. 


Definition 3.2. R is a dense ring of linear transformations on M over A, if for any 
k linear independent elements (over A) v1,...,0, € M (& > 1) and for any elements 


™),-..,M~ € M there is an r € R such that ur = m; fori =1,2,...,k. 
A dense ring of linear transformations is also said to act densely on M. 


Lemma 3.3. Let V be a finite-dimensional subspace of M over A. Supposem € M and 
m ¢ Y then there exists anr € R such that Vr = {0} and mr £0. 


Proof. Suppose that dim(V)=sk (k > 0). We will proceed by induction on the dimension 
of the subspace VY over A. 


11 


If dim(V)=0, we have that Y = {0}. Since M is irreducible from Proposition 2.14, if 
m # 0 there exists a r € R such that mr 4 0. Naturally Vr = {0} and the base case is 
proved. 

Suppose that the hypothesis is valid for every subspace of W of M over A with 
dim(W) < &-1. If we let v,..., 0% be a basis of V then each element in V may be written 
as), v0; = hg vias +101 (a; € A). Thus V may be decomposed into V = W+vA 
(v =u ¢ W). Define A(W) = {x € R | Wa = 0}. Observe W is a finite-dimensional 
subspace with dim(W)= dim(V) —1 = k — 1. By induction, ifm € M and m ¢ W then 
there exists 2 € R with Wz = 0 and mz # 0. In short, for this particular m there exists 
z € A(W) such that mz # 0. The induction hypothesis may be stated that ifm € M 
and mA(W) = 0 then m € W. 

We see immediately that A(W) is right ideal of R. In fact from the converse of 
the above statement since v ¢ W, vA(W) # {0}. We see that vA(W) is a submodule of 
M that is a non-zero. By irreducibility we have that vA(W) = M. | 

For Y = W + vA we will choose a m’ € M with m’ ¢ VY. By contradiction, 
suppose that for every r € R, if Vr = {0} then m’r = 0. We will show that this is not 
possible thus proving the theorem. Since vA(W) = M, for every z € M there is an 
a € A(W) such that va = z. Consider the following map 8: M 7M , x m’a, where 
z= va. It follows immediately that @ is well-defined and is an endomorphism of M. In 


addition for zr = (va)r = v(ar) we have, 
(ar) 8 = m'(ar) = (m’a)r = (2) fr. 
Hence # is a module homomorphism of M which places it in A. For a € A(W), 
mia = (2) = (va) = (v)Ba. 
From this we have that m'a = (v)@a or equivalently, 
(m' — (v)@)a = 0 for every a € A(W). 


Since (m’ — (v)8)A(W) = {0}, by the induction hypothesis m’ — (v)6 € W. But this 
leads us to conclude that m’ € W+ (v)8 C W+vA = VY. This is a contradiction to 
the hypothesis that m’ ¢ V. Thus for m € M,m ¢ V there exists an r € R such that 
vr = {0} and mr # 0. oO 
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Theorem 3.4. (Density Theorem). Let R be a primitive ring with a faithful irreducible 
module M, then R is dense on M. 


Proof. Let v1,...;0, € M be linearly independent over A, and let wi,...,wa € M. 
Denote by V; the linear span of v; for 7 # 7. Thus V; = span(ve,v3,..., vn). From 
Lemma 3.3, since uy € M and uy; ¢ Vy there exists ar; € R with Vir, = {0} and 
27, #0. From Proposition 2.14 we have that (uiri)R = M. 

From the above there exists a 3; in R such that w, = (vz7r1)s1 = vit, (t1 € R). 
In addition Vit) = Vi(r151) = (Viri)si = {0}. This process may be conducted iteratively 
for each /2,..., Vn. As a result for every v; there is a t; such that vit; = w; and Vit; = {0}. 
Consider ¢ = t; + #2 +-++++tn, then from the fact that vu; € V; for all 7 #7 we have, 

vit = vi(ti + ta +++ + ta) = S- vit; + uly = wy 
jft 

exhibiting that R acts densely on M. O 


Theorem 3.5. Let R be a primitive ring. Then for some division ring A either, 


1. RSAny, the ring of alln x n matrices with entries in A. 


2. Given any integer k there exists a subring I, of R which maps homomorphically 


onto Ap. 


Proof. ‘R is primitive, thus by Theorem 3.4 it is dense on a vector space V over some 
division ring A. We will consider two cases: 

Suppose Y is finite-dimensional over A with dima(V) = n. It will be proven 
that 7 is isomorphic to the ring of all nm x n matrices over A. Recall that we may define a 
ring homomorphism R — Enda(V), r > S; where for v € V,r € R we have (v)S;, = ur. 
Note that Enda(V) = Homa(V, Vv), the ring of all A-linear maps from V — V. Since 
every A linear map (with respect to a given basis) is uniquely determined by an x n 
matrix with entries in A, we see that Homa(V,V) & Ay. Our argument now reduces to 
proving R = Enda(V). Let {e1,..., en} be a basis of V over A. Then for f € Enda(V), 
(e;)f = w; (wi € Y). But from density there exists an r such that 


(e;)S, = ejr = Wi 


Since 5, and f agree on the generators of Y, they are equal. Hence rr S, = f, which 


proves surjectivity. 
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In addition FR acts faithfully in V. As a result for R — End,(V) is an injective 
mapping. From above we have proved that R = Enda(V), thus it is isomorphic to Aj. 

Suppose V is not finite-dimensional over A, and let k be a positive integer. We 
will construct subring J, & Ay. Let v1,...,v4,... € V be a infinite linear independent 
set. Consider the finite-dimensional subspace Q = 1, A+v2A+---+,A. In addition let 
I, = {r €R| Or C Q}. It then follows directly that J, is a subring of R. From density 
we may assert that I, + Enda(Q), r++ S, is a surjective ring homomorphism. Thus I, 


maps homomorphically onto Ax. oO 


It will be beneficial for the reader to note that the linear independence of 
V1,.-.,U, € V is a necessary condition for the Density Theorem. Suppose v,...,vn 
are linearly dependent and take w),...,wW,, to be a linearly independent collection in Y. 
From Theorem 3.4 there is at € R such that vt = w; i=1,2,...,n. Suppose that from 


the assumption of dependence, v; can be written as 


Vy = VeQg+++++Undn (an € A) 
uyt = (voae)t+---+ pont 
wy = (vot)ag+---+ (untjan 


= wade: + Wndn. 


This would imply that w,...,w, is a collection of linearly dependent elements over A 
which is a contradiction. Thus the independence of v1,..., Un is.a necessary condition for 


the Density Theorem. 
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Chapter 4 


The Jacobson Radical 


4.1 The Jacobson Radical 


Definition 4.1. Let R be a ring. The radical of R, J(R) is the collection of all ring 
elements r such that Mr = {0} for all irreducible R-modules M. If M has no irreducible 
modules then 7(R) = R. 


It directly follows from Definition 4.1 that 7(R) is a ideal of R, and is equivalent 
to F(R) = [| Ann(M) where the intersection runs across all irreducible R-modules M. 
We will defer to [Her05, p.13], in which it is proven that 7() when considering irre- 
ducible ®-modules is the same when considering irreducible left ®-modules. For a fixed 
R, consider Q tio be the non-empty collection of all irreducible R-modules. If a € 7(R) 
then for every M CQ, (M)S, = Ma = {0}. This means that for every M C 2 the 


image of a under the representation determined by M is the zero endomorphism. 


4.2 Characterization of the Jacobson Radical 


Definition 4.2. A right ideal F' of R is called regular if there exists a b € R such that 
for every TER, c ~ ba € F. 


Example 4.3. For a commutative ring R containing unity, every ideal is regular. 


Example 4.4. Let 2Z be the non-unital ring generated by the even integers. Then the 
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ideal in 2Z, (6) = {67 | 7 € 2Z} is regular. If b= 4 then for x € 22, 


2g-4(2q) geEZ 
—6q € (6). 


z— 4x 


Example 4.5. In the ring referenced in Example 4.4, the ideal (4) = {47 | 7 € 2Z} is not 
regular. That is there does not exist a b € 2Z such that x — ba & (4) for every x € 2Z. 
To see this, take 4 € 2Z then, 


4—b(4) = 4-(2r)4 reZ 
4—8r 
4(1—2r) ¢ (4). 


ll 


Proposition 4.6. Let M be an irreducible R-module, then M = R/F for some mazimal 
regular right ideal F of R. 


Proof. Let Q = {q EM | qR = {0}}. We see that O is a submodule of M. Since M is 
irreducible, OQ = {0} or O= M. If Q= M, then OR = {0} = MR; a contradiction on 
the irreducibility of M. This forces Q = {0}. Since MR # {0} there exists a non-zero 
element m such that mR A¢ {0}. From Proposition 2.14 we may conclude that mR = M. 

Consider the mapping ~: R —~M by (r)% = mr. We claim that # is a surjective 


module homomorphism from R onto M. For 71,r2 € ® we have that , 


(ri +r2)~ mri + re) = mr] + mre = (r1)b + (r2)y, and 


(ria)e 


m{rja) = (mri )a = (71) wa. 


This proves that # is a module homomorphism. To show that % is surjective, we recall 
that the direct image (R)y = mR = M. Denote the kernel of as Ker(#) = F, then by 


the standard isomorphism theorem, 


Ile 


R/ Ker(p) 
R/F 


(R)w which is equivalent to, 
M. 


Ie" 
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To see that F is maximal, suppose there is a right ideal J of ® such that 
FCICR. The image of J under ¢ is a submodule of M. By irreducibility of M, (I)~ 
is equal to {0} or M. If (1) = {0}, then I ¢ Ker() = F which results in J = F, which 
is a contradiction. If (2) = M then (Jy = (R)». Let x € R, then there exists ai € J 
such that (x)y = (i) or equivalently, (x -—7)¢ =0. This places z—i € Ker = F. Thus 
(—1)+i=a 6] and asa result [ =. Since the only ideal that properly contains F 
is ®, we may conclude that F is maximal. 

We will now prove the existence of a element b € 7 such that x-— br € R 
for every x € R. With mR = M there exists a b € R such that mb = m. For every 
x € R we have mx — (mb)x = 0. Since M is an R-module, m(x — br) = 0 which places 
z—- bre F. O 


Proposition 4.7. Let F be a proper regular right ideal of R, then it can be embedded in 


a maximal right ideal that is regular. 


Proof. Since F is regular there exists a b € R such that z — ba € F for every x € R. If 
b € F then as aright ideal bz € F', which implies that (2 —bx)+b2 =2 € F thus F =P. 
This is a contradiction, and we have b ¢ F. 

Let W be a collection of proper ideals J; that contain F’. One can easily verify 
that W is a po-set with respect to the relation of inclusion. Denote C = {J; | I; C W} to 
be a totally ordered subset of W. Note that U> J; serves as an upper bound for C. This 
ideal is regular since x—ba € F C Uc ki. It is important to note that b ¢ Ue ij, otherwise 
this would lead to U, 4; = R which is a contradiction. Since every totally ordered set of 
regular ideals that contain F has an upper bound, Zorn’s Lemma may be applied. There 


then exists a maximal regular ideal of 7 which clearly contains F. O 


It is understood that a maximal regular right ideal of a ring R, is a maximal right ideal 


of R which is regular. 


Definition 4.8. Let J be an ideal of R, then (7: R) = {c@eR| Ra CI}. 


Proposition 4.9. 7(R) = {\(F: R) where the intersection runs across all maximal 


regular right ideals of Te. 


Proof. By definition, J(R) = (]Ann(M) where the intersection runs across all irre- 
ducible R-modules. It is then required for us to show that Ann(M) = (F': R) for some 


17 


maximal regular right ideal F. From Proposition 4.6 every irreducible R-module is iso- 
morphic to R/F for some maximal regular right ideal F. Let us denote M = R/F. If 
x € Ann(M) then Mz = (r+ F)z = F for every r € R. Thus ra € F for every r € R 
which can be written as Ra C F. We see that x € (F: R), hence Ann(M) C (F: R). 
To show the other inclusion let x € (F: R), then Ra C F. This implies that 
rz € F for every r € R which is equivalent to (r+ F)a = F for every r € R. This places 
a € Ann(M). We see that for every irreducible R-module, M that Ann(M) = (F: R) 
for a maximal regular right ideal. The Jacobson radical of a ring R is then J(R) = 
{\ Ann(M) = ()\(F: R). im) 


Proposition 4.10. J(R) is the intersection of the maximal regular right ideals of R. 


Proof. Let F be a maximal regular right ideal of and let b € R such that «—bax € F for 
every x © R. Then for any r € (F: R) we have (r — br) + br = r € F thus (F: R) CF, 
for every maximal regular right ideal F of R. Intersecting over all maximal regular right 
ideals gives us (\(F': R) C ()F. From Proposition 4.9 this results in 7(R) CF. 

For the other inclusion let « € () F. We will first construct a regular right ideal 
R' = {zu+ulu € R} (2 = —bd) that is equal to R. If R’ # R then by Proposition 
4.7 R' © F" for some proper maximal regular right ideal F’ of R. Since x € (| F' we 
see that x © F’. As a right ideal of R, zu € F’. Since R’ C F’, zu+u € F’ thus 
(cu +u)— zu =u & F” for every u € R, implying that F’ = R. The proper ideal R’ 
cannot be embedded in a maximal regular right ideal. A contraction, thus R’ = R. From 
this equality, there exists a b' € R such that xb’ + b! = —z orz4+2b'+b'=0. 

If (| F C .7(R) then 7(R) =()F and we are done. Suppose that (1) F ZI(R); 
then there exists an irreducible R-module M such that M(()F) # {0}. There then 
is a non-zero m € M with m(()F) # {0}. It follows from Proposition 2.14 that the 
submodule, m({)F) = M. From this there exists a t € (] F such that mt = —m. It was 
established earlier that for ¢ € (| F that {tu+ulu € R} = R, which implies t+tv+v = 0. 
With these two relations we have 0 = —m(0) = —m(t+tv+v) = —[mt+ m(tv) + mv] = 
—(—m — mv + mv) = m, which is a contradiction under the assumption that m # 0. 
Thus the hypothesis M((] £’} 4 {0} is invalid. As a result () F annihilates all irreducible 
R-modules. From this we may conclude that (1) F € J7(R). 0 


Definition 4.11. An element x € R is right-quasi-regular if there exists a b € 7 such 
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that 2+2b+4+b=0. Furthermore, a right ideal, Z is a right-quasi-regular ideal if every 
element in J is right-quasi-regular. 

Corollary 4.12. 7(R) is a right-quasi-regular ideal of R. 
Corollary 4.13. 7(R) contains all right-quasi-regular ideals of R. 


Proposition 4.14. Let R be commutative ring with unity. If the non units of R form 
an ideal Z, then J(R) = T. 


Proof. First we will show that TJ C 7(R). Suppose « € Z. If 1+ is not a unit then 
we would have (1+ 2) -—a2=1€TZ. This is a contradiction that every element of Z is a 


non-unit. From this we see that 1+ 2 is a unit and there exists 6 € R such that 


(l+a)b = -1 

b+z6 = —1 
—be—a(br) = 2 
g+a(br)+br = 0. 


Which proves that Z is right-quasi-regular ideal. From Corollary 4.13, ZC 7(R). Con- 
versely if x € 7(R) and if z is a unit then ~1 € 7(R). Since 7(R) is a right-quasi-regular 


ideal for some 6 we have 


-1+4+(-ljb+b = 0 
—1-6+6 = 0 
1 = 0 
which is a contradiction. We see that x is not a unit thus 7(R) = Z. oO 


From this proposition we have the following example of the Jacobson radical of a ring. 


Example 4.15. R[{z]] is the ring of the formal power series in one indeterminant with 
coefficients in R. The non-units of R[[z]] form an ideal and its elements are the poly- 


nomials of R{[z]] with zero constant term (easy check). We see that 7(RI[z]]) = (x) = 
{xf(x) | f(z) € R[[2]]}- 
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4,3 Algebras 


Definition 4.16. Let A be a ring and let F be a field. Then A is an algebra over F if, 
1. A is an F-module with the action written as (1, a) + az. 


2. For everya€ F andz,y€ A, 


a(ay) = (tay = x(ay). 


Definition 4.17. A right ideal Z of an algebra A over a field F is a linear subspace 
which for every a.€ A, x € Z then wa € f. 


Definition 4.18. A set S is a subalgebra of A over F if S is both a subring and a 
submodule of A. 


Proposition 4.19. Let A be a algebra over a field F then every maximal regular right 


ideal of A as a ring is a maximal regular right ideal of A as a algebra. 


Proof. Suppose F is a maximal regular right ideal in A as a ring. By definition there is 
abe A with «— ber € F for every x € A. Note that for a € F, aF is a right ideal of A. 

IfaF ¢ F, then aF + F is a right ideal of A which properly contains F. From 
the maximality of F we have af + F =.A. The element b€ A may be expressed as 


b ay t+axq (%1,%0 € F) 
b? = (a1 +az2)b 


= 2104 2x2(ab). 


From this we see that 6? ¢ F. From the definition of F being a regular right ideal, 
b—b? € F. This results in (b— b?) +b? = b € F. With this element in F it follows 
that F = A, which is a contradiction of the maximality of F. Therefore af C F for 
every a € F. Thus F is a subspace of A over ¥ and is a regular right ideal of A as an 
algebra. Since any ideal that contains F is an ideal of A as a ring, we see that / must 
be a maximal regular right ideal of A as an algebra. , 

Suppose F is a maximal regular right ideal of A as an algebra. It immediately 


follows that F' is a regular right ideal of A as a ring. By Proposition 4.7, F may be 
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embedded in a maximal regular right ideal F’. From above, F’ is a maximal regular right 
ideal of A as a algebra. Since F’ is maximal F = F’, Thus F is a maximal regular right 


ideal of A as a ring. Oo 


Corollary 4.20. Let A be an algebra, then J(A) = (|F where the intersection runs 


across all maximal regular right ideals of A as an algebra. 


Definition 4.21. An algebra A is called algebraic if for every a € A the subalgebra 
generated by a is finite-dimensional. That is there exists a n (dependent on a) and 
a; € F such that a” + anja"! +-++++a9 = 0. The least such n is the degree of a. 


Furthermore an algebraic algebra is bounded of degree n if every a € A has degree n. 


Definition 4.22. An element a is nilpotent if there exists an integer n > 0 such that 


a” =. An ideal Z is nil if each of its elements is nilpotent. 
Proposition 4.23. If A be an algebraic algebra, then J(A) is nil. 


Proof. Since 7(A) is a subset of A, every element of (A) is algebraic. Let a € 7(A), 
then let / be the subalgebra generated by a. This finite-dimensional subalgebra U/ consists 
of the elements S77, aja’ (a; € F). In addition U D als, since for au € al/, au = 
ayn Ha" = S77, a;-10' EU. In general we have a descending chain condition where 
for k = 0,1,... we have a*l/ D a*t!Y. Since U is finite dimensional a*t/ = a*+!Y for 
some k. As a result a®+1 € atl = a*t1Y/ so there exists a 6 € U such that att} = ak+15 
or equivalently, a&+! — a*+1b = 0. Since b € J(A), there exists a right-quasi inverse b! 


such that b+ 6’ — bb’ = 0. We can now see that a is nilpotent since, 


gktl = gkth = gk (b a p! _ bb) 
cam aktt _ aktly ns ak +p “s akt1 pp 
= —altty! + ah+15p) 


= 0. 


Therefore 7 (A) is nil. Oo 
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4.4 Properties of Rings with no Nilpotent Elements 


Definition 4.24. An element wu of an algebra A is idempotent if u? = u. 


Lemma 4.25. Suppose R is a ring with no nilpotent elements, then all idempotent ele- 


ments of R lie in its center, Z(R). 


Proof. Let u be a idempotent element of R.Then for every r € R we have, 
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(ur — uru)? = urur — ururu — urer + uru?ru = 0. 


Similarly, 


(ru —uru)? =0. 


Since 7 contains no nilpotent elements, ur — uru = 0, ru—uru=0. This leaves us with 


ur = uru = ru, hence ur = ru. We have proven that u € Z(R). O 


Proposition 4.26. Let A be an algebraic algebra that contains no nilpotent elements. 
Let T be an ideal and F CT a finite subset. Then there exists an idempotent of A that 


acts as unity on F. 


Proof. Suppose that F = {a1,...,a,}. Let a; 4 0 be a non-invertible element in F. As 


an element of A it satisfies a polynomial relation 
a” + aya 14... +ana™"=0, (ai € F) 


where m—n > 0. Note that, 


ay(a? + ayat + +---+ an) = (a+ asap) +--+ + an)ar. 


From this fact we see that 


[ai(at + aqyat +--+ +an)/"™ 


ll 


(af +ayat 1 +--+ anal) (at + aap 1 +++» t+ay,)""! 


= 0. 
It follows from the hypothesis that F contains no nilpotent elements thus, a;(a?-+a,a7— + 
++ +++ Qn) = 0. Next, we will construct a specific idempotent u; from this polynomial with 


the property that a,u, = a1. We have 0 = aft taya™+- -+-+-an,@1. Rewriting this relation 
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we have —ana1 = ane +aja™4+--- + a,_j—1)0? , J > 2. Factoring a? on the right leaves 
us with, a, = a?p(a,), which we will denote as a, = au. Where uy = a1p(az). 

Observe that u? = a?p?(a;) = ayp(a,) = wy. Since ay is non-invertible nor 0, 
u, 0,1. In general for a given non-invertible, non-zero element a; € F' a specific idem- 
potent element u; exists with a; = aju;. Note that the idempotent u; € F' is constructed 
from the polynomial that a; satisfies. Induction will be used to show that there is an 
idempotent u such that aju = a; for all a; € F. 

From the previous paragraph there exists a u, such that aju; = a;. Next, 
suppose that agu1 = ae, a3u1 = a3,...,@p_1U1 = ap_1. If apu, = ag, we may take u = uz 
and we are done. If ayu,; #4 ay, from Lemma 4.25 all idempotent elements of Z lie in 
2(Z). Then by using the idempotent uz we have (a, — anui)ug, = ay — ayy. From 
this we see that, ayu, — @,U1U_ = G¢ — @,U1, and we may rearrange this relation to get 


Ok = GpUuy, — O,U1U;, + 4;,U1. Factoring an az, we have, 
Gp = On(Up — U1Up + U1). 


Let u = up — uyug + uw. It can be easily verified that u? = u. Furthermore for 
i= 1,2,...,4—1, we see that agu = aj(ug — uru_ + ul) = aug — aguzu, + ajuy = aj. 


Thus an idempotent u € F has been constructed such that for everyaé Frauw=a. O 


4.5 Free Algebra 


Definition 4.27. A set M is a monoid if there exists a binary operation (a,b) » a-b 


called multiplication which satisfies the following for every a,b,c € M. 
1. (a-b)-c=a-(b-c) 
2. There exists 16 M withl-a=a-l=a. 


Consider the set ¥ = {x1,...,%n}, then the free monoid generated by 4 is a 
monoid whose elements consists of all finite sequences of 4’. That is the set consisting of 


1 and elements which are written as, 
Li Lig * + Dj 


m* 


These elements are called monomials. Multiplication is defined as 


(Tt, Ft, °° Lt; )(Lq, qo "++ Lgy) = Wt, Vig Lt; Lg, Xgy *** Vay. 
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In addition, 24, 2t2 +++ 22; = Lq,Xqq +++ Tq, if and only if ¢) = qi, t2 = go,..-,¢; = Qe. 

Let F be a field, then F(x1,...,2%,) is the free algebra generated by the non- 
commuting variables x1,...,%,- This algebra is spanned by all sums of products of the 
indeterminates 21,...,%,. From the previous explanation of the free monoid on M, 


elements of F({x1,...,2%n) may be expressed as a finite sum 


f= SS Oi, igor ee! ofi2) |, - lim) o(ix) € Zt. 


The degree of each monomial occurring in f, a Uae . x0 tim) 


is the sum o(#,) + 
o(ie)+---o(im). The degree of f is the greatest degree of all of the monomials occurring 


in f. In most cases f € F(x1,...,2) will be expressed as f(z1,...,2n)- 


Definition 4.28. f € F(z,...,2%n) is multilinear if for k = 1,2,...,n and for every 
aéf, 


kth kth kth 
’ i oN i~ 
Ly fe Boss Oo cig ah FB Boss ok 5 By sd) eS, Bakes 52 seep eal 
kth kth 


Bo Fy Roget One oon) — OF (Diy Ba yoee gy cog ee) 


As a consequence f is of the form, f = 3) Q(i, ji9,...in) Vir Pig Vig *** Vi, (@ € F), where the 


monomials x;,%j, ..- 27, in the summation range over some permutations of 21, ©2,..., Zn- 


Example 4.29. In F(zj,...,2n), f(x1, 22,23) = ax14exr3 — Bxox123 (a,8 € F)isa 


multi-linear polynomial. While g(x1, x2, 23) = yax?aou3 — 6232123 (7,6 € F) is not. 
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Chapter 5 


Kaplansky’s Theorem 


5.1 Polynomial Identities 


Definition 5.1. Let A be a algebra. Then A satisfies a polynomial identity (P.I.) if 
there exists some f(z1,...,2a) € F(xi,...,2¢), such that f(a1,...,aqg) = 0 for every 


@1,...,0q € A. 


Example 5.2, If A is a commutative algebra then it satisfies the polynomial identity 


f(%1,%2) = %109 — 2%}. 


Example 5.3. Let Fo be the algebra of 2x2 matrices with entries in field 7. Then Fo 
satisfies the polynomial identity f(x,y, z) = z(xy — yx)? — (xy — yx)*z. 


Example 5.4. Let F be field such that 32 = 0 for every x € F. Then F(21, 22 | 2122 — 
x21 = 1) satisfies the polynomial identity f(a, y) = (zy + yx)? + 2ryzy + zy +1. This 


is a variation of the Weyl algebra algebra where the characteristic of F is 3. 


Lemma 5.5. Let f #0 be in F(x1,...,%n) then there is a positive integer m such that 


Fm, does not satisfy f. 


Proof. Let f be of degree ¢t. Consider Q to be the ideal of F(x1,...,2n) generated 
by the monomials in 21,...,%n of degree greater than ¢. As a result the algebra, 
A = F(a1,...,%n)/Q is spanned by the representatives that are contained in subspace 
consisting of all monomials of degree no greater than t. Since A is finite-dimensional over 


F it may be represented as a subalgebra of Fin, (m = Dim zA), where F = Endy(A). Let 
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f be the image of f under the map F(z1,...,¢n) ~ Flai,...,2n)/Q. Since f is of degree 
t it is not contained in Q, thus f is not zero. Since 1 € A the representation of of f in 
Fm not zero as well. There then exists matrices a1,...,a@n € Fm with f(ai1,...,@n) #0. 
This establishes the lemma. D 


Proposition 5.6. Let A be an algebra that satisfies a polynomial identity f of degree d. . 


Then A also satisfies a multilinear identity of degree < d. 
Proof. We will defer to [Her05, p.157| for the proof of this preposition. D 


We will demonstrate the following process as described in Proposition 5.6. Let 
f (x1, 22,23) = x2x9x_— 292% be a polynomial identity of degree 4. We will now construct 
a multilinear polynomial identity from f. By letting h(a1, vo, 73,24) = f("1+24, 22, 23)— 
f (v1, 22,23) — f (x4, £2, x3) it directly follows that A satisfies kh. The calculation of h gives 


us, 


h(x1, £2, £3, £4) (#1 + a4)’a3xo = aoxt = (a? xgz9 + rote) - (aiagae + zone) 


(4124 + L4x1) 2322 — 3203 


U1 L4L3LQ + L4TL3xQ — 32943 


which produces an identity that is linear in #1. By applying the same iterative process to 
x3 we have, 9(x1, 22, 3, £4, %5) = h(a, vo, rg+m5, 24) —h(e1, vo, 23, 4) —h(x1, x2, 25, 24). 


Simplifying this gives us, 


9(21, U2, 23, £4, x5) £104(23 + xy) x2 + ©4221 er) + £5 )@e - 3a2(x3 + zs)* 
—(21 24U3hQ + L421 23LQ — 3x92) 
—(2124052Q + 0401 052q — 3x207) 


= —B82r9r3H5 — 8xr0r5 Xs. 


We see that g(1, 29, ©3, 4,5) is a polynomial identity of degree 3 that is multilinear. 
Since any algebra homomorphism preserves both products and sums we have the following 


result, 


Proposition 5.7. Let A be a algebra that satisfies a polynomial identity f. If ® is an 
algebra homomorphism 2: A — B, then (A) satisfies the same identity. 
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5.2 Tensor Product 


Definition 5.8. Let F be a field, then EF is a field extension of F if F C E and if F is 
a field with respect to the operations of FE restricted to F. 


Definition 5.9. Let A be an algebra over field F with a field extension E. Then the 
tensor product of A and E over ¥, written as A @¢ E is an algebra constructed by 
“extending the base field‘ to £.” If {a;} is an F basis of A then {a; @ 1} is an E basis of 
A@® sr E. The elements of A @# & are expressed as a finite sum of a(a ® e) for a € A, 
e € E,a € F and which satisfies the following properties 


1. (a1 ® €1)(a2 @ €2) = ajaz @ ej €2 
2. (a, tag) @e =a, Wet ag @e 
3. a®@ (ey te2) =a@er +a@eg 
4. ofa ®e) = aaWe=a®ae 

5. O@e=aG0=0. 


It follows from the above properties that the tensor product is bi-linear and that 
Dimg(A @¢ E) = DimgA. We will refer the reader to [Jac09, p.215 — 220], 
(Hun74, p.207 — 216], for further details on the construction of this algebra. 


Lemma 5.10. If A satisfies a multilinear polynomial identity f then for any extension 


field E of field F, AQpr FE satisfies f. 

We will demonstrate a particular example of Lemma 5.10 where A is commu- 
tative. Note that A satisfies the identity f(v1,22) = 2122 — £921. Then for the tensor 
product A ® z EF we have 

f(a] @ €1,a2@e2) = (a1 Bei) (ae @ eg) — (az @ €g} (a1 B €1) 
= 4102 @ €1€2 — a2] @ €2€1 
= aja2 @e1€2 — aga, @ ey €g 
= (a1a2 — a201) ®@ e€2 
= O®ee2 


= 0. 
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This shows that A @ F satisfies f. 


5.3 Kaplansky’s Theorem 


Definition 5.11. Let R, be the ring of n x n matrices with entries in a commutative 
unital ring R. Then R(1,) is the subring of Ry consisting of all diagonal matrices of the 


form r(1p) (r € R), where 1, is the n x n identity matrix of Rn. 


Theorem 5.12. Let R be a ring with unity. Then Z(Rn) = Z(R)(1n). 


Proof. Since an arbitrary element in Z(R)(1,) may be written as z(1,) for some z € 
Z(R), it follows directly from the definition of the center that it lies in Z(R»). For 
X € Ry we see that 


X(zlp) = (Xz)1p = (2X) 1p = 2(X1n) = 2X = (21n)X 


thus Z(R)(1in) © Z(Rn). For the other inclusion, let Y € Z(Rn). We will denote the 
entries of Y as 2 for k,/ = 1,2,...,n. Let ly; denote the n x n matrix with 1 in the gth 
row and j** column and all remaining entries 0. Since Y commutes with every element 
of Rn, ¥Y (li) = (1u)¥. From this we have the following equivalent i*" rows and columns 


that my be compared. 


i? colum i colum 
0 0) 0 0 214 0 0 
224 
0 0 = : 
“1 242 xii Zin ei 
0 0 
0 0 0 0 Sai 0 0 


By equating the entries of each matrix we have zj, = z,; = 0 fori # k. From 
repeating this process and and equating Y(1gx) = (lek)¥ for & = 1,2,...,n we may 


conclude that z,; = 0 for every k 41. We have shown that all non-diagonal entries of Y 
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are zero. We will now prove that the remaining entries are equal. For i < j the relation 


Y(1ij) = (1ig)Y will result in, 


jcolum : jcolum 
0 0 0 0 21; 0 0 
x2i 
0 0 23: 
0 0 = 
i row 5) 254 +s Zyn i*row Zi 
0 0 
ON 33s iy Se 0 0 ax 0 ni Oe se 
Since the entries of each matrix must be equal we have that z; = 2;;. By 
continuing this process for all 7 #7 we see that 21 = z99 = --- = Zn = z. Since Y must 
commute with any element in Ry we see that z € Z(R). this shows that Y = z(1,), thus 
2(Rn) © 2(R)(1n). 0 


Theorem 5.13. Let R be a ring with unity. Then Z(R)(1n) = Z(R), as sub R-modules. 


Proof. Define f: Z(R) + Z(R)(1n), z + 2(1n). We see that f is well defined since if 
z=2', then f(z—2z') =(z-2')1, =0. Thus 2(1,) = z’(1n). It follows directly from the 
properties of matrix multiplication that f preserves addition and scalar multiplication. 
Hence f is a module homomorphism. Since any element in Z(R)(1,) may be written 
as z(1n) for some z € 2(R), f is surjective. Lastly, to show that f is injective suppose 
that f(z) = f(z’). Then z(1,) = 2’(1n) which gives us the (z — z’)l, = 0. By equating 
the entries of the two matrices, we see that z = z'. We have proven that Z(R)(1n) = 
B(R). | O 


Corollary 5.14. Let R be a ring with unity, then Z(Rn) = Z(R). 


Definition 5.15. Let S be a subfield of a division ring A. Then S is maximal if for 
every proper subfield Q of A with Sc QC Athen Q=A. 
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Lemma 5.16. Let A be a division ring with center Z(A). If K is a maximal subfield of 
A then A@®za) K is a dense ring of linear transformations on A as a vector space over 


K, 
Proof. We will defer the proof of this lemma to [Jac64, p.95]. | 


Theorem 5.17. (Kaplansky’s Theorem). Let A be a primitive algebra that satisfies a 


polynomial identity. Then A is finite-dimensional over its center Z(A). 


Proof. Since A is primitive, from Theorem 3.5 it is either isomorphic to A, for some 
integer n, or for every integer k there exists a subalgebra of A that maps homomorphically 
onto Ag. :, 
Suppose that the latter of the two occured. For each k, let Se be the subalgebra 
of A that maps homomorphically onto A,. From Proposition 5.6 we may assume f be 
the multilinear identity that A satisfies. Since any subalgebra or homomorphic image 
of A satifies the polynomial identity on A, A, satisfies f as well. From this the center 
of Ay, Z(Ax) (a field) satisfies f for every k. From Lemma 5.5 we see that this is an 
impossibility. As a result the first case must occur, thus A & A,. 

Let K be a maximal subfield of A. From the above isomorphism, A satisfies the 
polynomial identity f. With this result and the multi-linearity of f, A @z:a) K satisfies 
this identity as well. In addition from Lemma 5.16, A @z;q) K is a dense ring of linear 
transformations on A over K thus the above argument may be applied. It follows that 
A ®za) K & K;, for some positive integer q. From the definition of the tensor product 
we have q? = Dimx(A @za) K) = Dimga)(A). In addition A, is finite-dimensional 
over A, thus Dima(An) = n?. 

From the fact that An, over A and A over Z(A) are finite-dimensional, the 
spanning set of A, over Z(A) is finite. Thus A, is finite-dimensional over Z(A). In 
other words Dimza)(An) = p, for some positive integer p. From Corollary 5.14, Z(A) = 
Z(A,), thus Dimgia,)(An) = p. Since it was established earlier that A, = A, we may 
conclude that p = Dimgia,)(An) = Dimgi4)(A). We have proven that A is finite- 


dimensional over its center. im 
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Chapter 6 


Locally Finite Algebras 


6.1 Locally Finite Algebras 


Definition 6.1. Let ¥ = {x1, x2, ...} be a subset of A, then the subalgebra generated by 
X, denoted (1) is the intersection of all subalgebras of A containing 7. 


Definition 6.2. A is locally finite if and only if every finite subset Y = {x 1, 22,..., 2} 


of A generates a finite-dimensional subalgebra. 


Proposition 6.3. Let A be an algebraic algebra that is commutative, then A is locally 
finite. 


Proof. Let {a1,...,a,} bea finite subset of A and take U/ be the subalgebra of A generated 
by this set. Since A is algebraic there exists a polynomial f; of degree nj > 0 that a; 
satisfies for 7 = 1,2,...k. Note that each generator a; has its corresponding n;. A is 
commutative thus the multiplication of two monomials in U/ may be rewritten as follows 


r1 82 82 


Ths Sk .F14+81 rots: Pets, 
ay'ay +++ a,"aya5 Re ata eae, 43,8; > 0. 


“+ Qy 


From this, every element in 2 is a finite sum of monomials of the above form. 

We will prove that U/ is finite dimensional by showing that for an arbitrary element each 

monomial in the summand has generators a; with an exponent no greater than n;, the 

degree of the polynomial satisfied by a;. It will suffice to show that the generator a, can 
m2. 


be iteratively reduced to that of degree less than ny. Given u = SVaf'ay?---a,* € U 


we will use induction on the exponent of a3. Assume that ny < mj. If m, = 7, then 


u=)5 Gy ay area: aytay” 
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U is algebraic thus af! = ajat~71 + +--+ an, (a; € F). We will denote this as a®! = 


geist 


a a7; ° -+p(ai), where the highest exponent of a; in p(a1) is less than n1 —1. Substituting 


this into the sum we now have 


wad Toray! + plar)lay? ---ag* = Panatt hay? «ap +) | p(ar)ag” 


The exponent of a; has been iteratively reduced to that of less than nj. Suppose that for 
m, = n, +, and for some t; > 1 the exponent of a; may be reduced to that which is 


less than nm; + #1. Let m; = n1 + (4; + 1) then applying the previous technique we have 


= ye a sane 
= SClerat 1 4 p(ay) Jat ak say* 
= Sloat? + af Mp(ar)|ay? -- az" 
Ne ayant tt gma ots ay oe S- att1p(a)a% ox a? 


titl 


Where the highest exponent of a; in ai!" p(a1) is less than n1+t1. By induction, 


u may be expressed as a sum where a; has an exponent Jess than ny. This process may be 
applied to a2,...,@% successively and as a result the finite set of monomials a]"aq"? --- az" 
(m; <n) spans U/. Therefore, is finite-dimensional which proves that A is locally 


finite. O 


Proposition 6.4. Let de a finitely generated algebraic algebra containing unity. If U 


is finite-dimensional over its center Z(U) (a field) then U is finite-dimensional over F. 


Proof. By hypothesis 2 is finite-dimensional over Z(U). There then exists elements e),..., 
€m in U such that every element in U/ is a linear combination of the e;’s with scalars in 
Z(U). From this fact if a; € U4, then it may be expressed as a; = S7/", 2ieei (zi € Z(U)). 
In addition if a;,a; € U, then aja; = Sy, Zignen (zizk € ZU)). 

Note that for a finitely generated algebra U/ over F, if it is also locally finite over 
F then U is finite-dimensional over F. Let ¥ = {a1,...,an} be a subset of U. We will 
show that (V) the algebra over F generated by this set, is finite-dimensional over F. ‘Let 
Z be the subalgebra of Z(U) generated by the set {zz, zijn} i,j,k = 1,2,...,m. Since 
ZC ZU) CU, we see that TJ is commutative and algebraic. From Proposition 6.3, Z 
is locally finite. With the added property that Z is finitely generated we may concluded 


that Z is finite-dimensional over F. 
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Let W = {3° Be; | B € ZT}. Since T contains 1 it may be considered as a 
field, thus W is a finitely generated algebraic algebra over 7. From this we see that W 
is a finite-dimensional algebra over Z. Since Z is a finite-dimensional algebra over F 
we may conclude that W is a finite-dimensional algebra over F. With zz, zijn € Z the 
subalgebra generated {@1,...,a@n}, (Vv) GC W. Thus (2%) is finite-dimensional, hence 2 is 
locally finite. Since U/ itself is finitely generated over F, it may be concluded that it is 


finite-dimensional over F. Oo 


Lemma 6.5. [f B and A/B are finite-dimensional vector spaces then A is finite dimen- 


sional. 


Proof. Let vu: A— A/B. Then v is a surjective linear map with B as its kernel. A well 
know linear algebra result [Hun74, p.5] is that dim(kernel(v)}) + dim(image(v)) = dim(.A). 
Which is equivalent to dim(B) + dim(4/B) = dim(A). Since from the hypothesis B and 


A/B are finite-dimensional, it follows that A is finite-dimensional. Oo 


Definition 6.6. An ideal Z of an algebra A is a locally finite ideal if when regarded as 
an algebra it is locally finite. 


Proposition 6.7. Let C be an ideal of a algebra A. If A/C and C are locally finite, then 
A is locally finite. 


Proof. Let {a1,...,a,} G A. We will show that the subalgebra of A generated by this 
set is finite-dimensional. We will denote {@1,...,@,} to be the image of this set under 
the map A — A/C. Since A/C is locally finite, the subalgebra generated by {@1,...,@} 
is finite-dimensional. Let {@],...,@,@%41,...,@n} be a spanning set of this subalgebra. 
From this every element in A/C may be expressed as 5° aj@;, (a; € F). The multiplication 
of two elements @,@; € A/C may be expressed as Gja; = >° a4j;a;. Using the properties 
of cosets, a inverse image of this product will be aja; = 33 ayjaz + cij, (Cay € C). 


Denote S to be the subalgebra generated by {a1,...,@,}. It will be beneficial 
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for the reader to observe the product of elements in A. We see that, 


(azaj)ag = (S- aajnan + c4j)Aq 

= Se QijkAkdg + CijQq 
Ss Qizk(Begp@p + Chg) + Cij Aq 
S(eijeBkap) ap + MijKCKg + Ci5q- 


In addition, 
aj(ajaq) = S > (cipeBjap)ar + Byqplip + aiCjq- 


Lastly, we need to consider the product above by an additional a,, 


(ajaj0q)ar = >> (ips Big ters) 4s + (QipkBjap)Cpq + Bigpcipar + GiCjqAr- 


We will let Q be the subalgebra generated by {cjj, ajCjq, CijQq, Cigar}. Since each of 
these elements are in C, a locally finite ideal, Q is finite dimensional. In addition Q is a 
subspace of S in which clearly ga,ag € Q (a € A,q € Q), hence is an ideal of S. 
Consider the map S — S/Q, sending ar @=a+S. Since C C Q, the image 
of the product of aa; is Za; = >> 04;40%, in which we see that {@;,...,@,} is a spanning 
set of S/Q. This set of vectors can be reduced to a finite basis by removing any vectors 
that are linearly dependent, thus S/Q is finite-dimensional over F. Since S/Q and Q are 
finite-dimensional over F from Lemma 6.5 we may conclude that S is finite-dimensional 
over F. This proves that A is locally finite. Oo 


Lemma 6.8. Let @:U — V be a ring homomorphism. If U is locally finite, then the 
image of U under ¢, d(U) is locally finite. 


We will leave the proof of this lemma to the reader. 
Proposition 6.9. Let U and Y be a locally finite ideals of A, thenU+ Y is locally finite. 


Proof. Define ¢: U+ VY —- U/UNY, sending uturu+tUuny. Note that this map is 
surjective, since for any coset u’ +U NV, we have that, d(u’+v) =u’ +UNV. Next, we 
will show that ¢ is a homomorphism. Let u+v,u’+v’ €U + V then, 
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dluteu+(utu)] = df(utu)+ (ote) =(utu)+unv 
utUnVveeu’+Uunv 


duty) + dul +v'). 


In addition, we may note that the kernel of this mapping satisfies, Ker(¢) =V. From the 


standard isomorphism theorem, 
U+V/Kerd = 6U+V) 
Since @ is surjective we have, 
U+V/VEUusuUny. 


From the use of Lemma 6.8 and the fact that //i4M V is a homomorphic image of U, 
we see that U1/U 1 ¥V is locally finite. Applying this lemma to the isomorphism above we 
may conclude that U + V/V is locally finite. By hypothesis V is locally finite. Then by 
applying Theorem 6.7 implies that 2/4 + V is locally finite. O 


Proposition 6.10. For every algebra A there exists a maximal locally finite ideal which 


contains all locally finite ideals of A. 


Proof. We will first show the existence of a maximal locally finite ideal of A then proceed 
to show it contains all locally finite ideals of A. Let W be a collection of locally finite 
ideals of A. One may verify that W is a po-set related by containment. Let us denote 
C = {W; | W; © W} to be a totally ordered subset of W. We will show that LW, is a 
upper bound of C. If X is a finite subset of (J, Wj, then since C is totally ordered there 
exists a Wg of A such that X C Wg, thus (X) is finite-dimensional. This implies that 
Ue W; is an element of C. In addition, UJ, W; clearly contains W; € C, thus is an upper 
bound of C. Since every totally ordered subset of W contains an upper bound, Zorn’s 
Lemma may be applied. As a result, there exists a maximal locally finite ideal denoted 
as D(A). 

Next we will show that D(A) contains all locally finite ideals of A. Let U be 
a locally finite ideal of A. By Proposition 6.9, L(A) + U is also a locally finite ideal of 
A. As a result, L(A) C L(A) +. By maximality we see that L(A) = L(A) +U, which 
implies that 4 C L(A). This completes the proof. O 
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From here on we will denote L(A) to be the maximum locally finite ideal of A. 
Corollary 6.11. A is locally finite if and only if L(A) = A. 


The proof of this theorem follows directly from Proposition 6.10. We will leave the proof 


to the reader. 
Theorem 6.12. L(A/L(A)) = {0}. 


Proof. Consider the homomorphism v: A + A/L(A). Let C be a locally finite ideal 
of A/L({A). From the correspondence theorem C = C/L(A) for some ideal C of A 
containing L(A). With C and L(A) as locally finite ideals of A, from Proposition 6.7 it 
may be concluded that C is locally finite as well. Since C is locally finite, C C L(A) and 
as a result L(A) = C. This implies that the locally finite ideal, C = C/L(A) = {0}. We 
see that every locally finite ideal of A/L(A) is {0}. Thus it follows from Proposition 6.10 
that L(A/L(A)) = {0}. 0 


In Proposition 6.10 it was proven that L(A) contains all locally finite ideals of 
A. We will look to extend this result by proving L(A) contains all one-sided locally finite 


ideals of A as well. 
Proposition 6.13. Let U be a locally finite right (or left) ideal of A then U C L(A). 


Proof. Let U be the image of the right ideal UY under the homomorphism v : A > 
A/L(A) = A. Since L(A) = L(A/Z(A)) = {0}, if & is locally finite as a two-sided ideal 
U = {0}. From the properties of cosets this would imply that U C L(A), hence being 
locally finite. With this we see that the proof of this theorem reduces to showing that 
the locally finite right ideal 2/ = {0}. 

Since v is a surjective map U/ is a right ideal of A. To prove that U = {0} we will 
first show that the ideal A UW is locally finite ideal of A. Let {x1,...,2,} be a non-empty 
subset of Al/. Then 


“= So ages, ai & A, Uiz E u and, 


Lily = S 5 aij uaganieeg. 
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We will denote uijan: = Gijx1. Let W be the subalgebra generated by {qi;n1, 4x}. From 
Proposition 5.7, U4 is locally finite. In addition, Gijkt E YU so the subalgebra W is finite- 
dimensional over F. The product x3r_, = SJ aijqijntar C Dlaigw. Let Q = VayW. 
Since W is finite-dimensional and Q is a finite sum, it follows that Q is finite dimen- 
sional and that it contains any product any two «; ’s. To show that Q is closed under 


multiplication it will suffice just to compute the following 


myUit, & x ys aigjw 
Cc as Qtpttp) > aizw = S- QtpYtpij W 
LS QtpW 


Q. 


IN 


In 


Since the product of any collection of z’s is contained in @, the subalgebra 
generated by {21,...,2p} will be contained in this finite dimensional vector space as 
well. Thus the subalgebra generated by {z1,...,Zn} is finite-dimensional over ¥. It has 
been shown that A 2 is a locally finite ideal of A hence AU = {0}. With the additional 
fact that U is a right ideal of A we see that UW is a two sided ideal of A. Since U is locally 
finite, we see that U/ = {0}. In reference to the earlier remarks, we have that U C L(A), 
the desired result. 0 


Theorem 6.14. Let A+ {0} be finitely generated algebraic algebra that satisfies a poly- 
nomial identity. If A contains no nilpotent elements then L(A) 4 {0}. 


Proof. Since A is algebraic, from Proposition 4.23 7(A) is nil. With the additional hy- 
pothesis that A contains no nilpotent elements, we may conclude that 7(A) = {0}. Since 
J(A) # A, there exists an irreducible A-module VY. From Proposition 2.16 we see that 
N is a faithful A/Ann(N)-module. A problem that may occur is V over A/Ann(N) may 
not be irreducible. Since from Proposition 2.7 the submodules of VV over A correspond 
to the submodules of V over A/Ann(N), NV is a faithful irreducible A/Ann(\V/)-module. 
Generally, we may conclude that there exists an ideal Z such that A/Z is primitive. 

Let v : A —> A/T, sending a + @. By hypothesis, A satisfies a polynomial 
identity. Since v is a homomorphism, from Lemma 5.7 A/T satisfies the same polynomial 


identity. With the previous paragraph in mind, we have shown that A/Z is a primitive 
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algebra that satisfies a polynomial identity. From Kaplansky’s Theorem, A/T is finite 
dimensional over its center Z(A/T). 

From the hypothesis A is generated by some finite set {a1,...,a,}. It is evident 
that the image of the set under the mapping v,{@7,...,@,} generates A/T. Since A/T is 
finitely generated, we may now apply Proposition 6.4 and conclude that A/Z is finite- 
dimensional over ¥. 

Let {€1,...,@m} be a basis of A/Z. Although v is not an injective map, we may 
still determine a inverse image {e1,...,@m} of {@1,...,@m}. For an @ € A/Z, we have 
a; = >> a4; @;, (aij € F). In A, this element is of the form a; — > aye; = b;, (bj € T). 
We have showed that 

aj = Saye; + 5;. 
Similarly for e; e; € A, 
ee; = S> Bisnes +b; big EZ. 

Let Z’ be an ideal of A generated by finite set {b;,bij}, 1,7 =1,...,7. We will 
now prove that J = Z', showing that T is finitely generated. Clearly the generators of Z’ 
imply Z’ C Z. Let a € Z then from above we may conclude that a = > ye + 0 (VU ET’, 
i: € F). Since a,b’ €T,a—-—b' = Ye; EZ. The imagea—W = > yj, | =O. The &’s 
form a basis for A/Z. By linear independence +; = 0 for every 7, which results in a = b’, 
hence Z € ZT. This proves that J = 7’. 

From Proposition 4.26 there is an idempotent element u € Z(Z) where ub; = b; 
and ubjy = bj; for all ¢,7. With this idempotent element we can apply the left Pierce 
decomposition |[Jac64, p48] of A which results in 


A=Au@ A(i-u) 
where Au and A(1—u) = {a —au | a € A} are two sided ideals of A. Since u is in the 
center of Z, Z = Au and the left Pierce decomposition can be reduced to, 
A/T = A/Au® A(1—1u). 


A/T corresponds to a two sided ideal A(1— 4) of A. It was previously proven 
that A/T is finite dimensional over F. Its isomorphic image A(1 —u) must also be finite 
dimensional, hence locally finite. We may conclude that A(1 — u) is a non-zero locally 
finite ideal of A which is contained in L(A). We have proven that L(A) 4 {0}. i” 
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Chapter 7 


Kurosh’s Theorem 


7.1 Overview 


Recall that a finitely generated algebra is not necessarily finite-dimensional. 
‘There are numerous examples that can confirm this. In particular the algebra F[{2] is not 
finite-dimensional but is generated as an algebra by 1 and x. Conversely there are natural 
examples in which a finitely generated algebra is finite-dimensional. In the case in which 
A is algebraic and commutative, any finite subset of A generates a finite-dimensional 
algebra. In general is there a condition that is both necessary and sufficient to ensure 
that an algebra is locally finite? 

Alekander Kurosh in 1962 discovered that an algebra that is algebraic and sat- 
isfies a polynomial identity is locally finite. Note that F[x] is not locally finite, nor is 
it algebraic, since there does not exists a non-zero polynomial that a satisfies. We will 


conclude our exposition by proving Kurosh’s Theorem. 


7.2 Kurosh’s Theorem 


Theorem 7.1. (Kurosh’s Theorem) Let A be an algebraic algebra over field F that 
satisfies a polynomial identity, then A is locally finite. 


Proof. From Proposition 5.6 we may assume that the polynomial identity is multilinear. 
Since any finitely generated subalgebra of A will satisfy the same identity we may assume 


that A is finitely generated. Our argument will be reduced to proving that a finitely 
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generated algebraic algebra A that satisfies a multilinear polynomial identity of degree d 
is locally finite. 

Recall that the maximum locally finite ideal of A, L(A) contains all locally finite 
ideals of A. From Corollary 6.11, A is locally finite if and only if L(A) = A. In this proof 
we will consider the quotient A = A/L(A), and arrive at the conclusion that A = {0} 
which will result in L(A) = A. 

From Theorem 6.12 we have that L(A) = L(A/L(A)) = {0}. We will assume 
that A # {0} and distinguish two cases both resulting in L(A) 4 {0}, which is a contra- 
diction. This will show that A= {0} and prove that A is locally finite. We will proceed 
with the first case. | 
Case 1. (A contains no non-zero nilpotent elements) 

Since A is the homomorphic image of the natural map, v : A — A/L(A), A 
satisfies the polynomial identity of A. Let f(a1,...,ag) be the identity satisfied by A. By 
assumption A is generated by some non-empty set {a1,...,@,} and the image of these 
elements under v will also generate A. Thus A is finitely generated algebraic algebra that 
satisfies an identity. From Theorem 6.14 we have that. L(A) + {0}. 

Case 2. (A contains a non-zero nilpotent element) 

We may assume there exists a non-zero nilpotent element u € A is such that 
u? = 0. We will look at the left ideal Au = {au | a € A} of A. 

If Au = {0}, then u € Ann(A). Note that Ann(A) is locally finite since for 
any finite subset {u1, ue,..., uz} C Ann(A) the subalgebra generated by this set will be 
spanned by {ui,ue,..., ug} (ujuy = 0, 1,7 = 1,2,...n). Hence Ann(A) is a non-empty 
locally finite ideal of A. This implies L(A) # {0}. 

In the case that Au # {0}, we will use induction on the degree of the polynomial 
identity to show that Au is locally finite and is thus contained in L(A). As previously 
stated we may assume A to satisfy a multilinear polynomial identity f(x1,---,aa) of 
degree d. The proof will proceed by induction on d. 

If d = 2, then the polynomial identity that is satisfied by A is of the form 
f (21,22) = 0% 1%2+Pxer, (a,8 € F). Asaresult A is either commutative or a = {0}. 
In the former case, Proposition 6.3 may be used to prove that A is locally finite. If 
A = {0} then clearly any subalgebra generated by a finite subset of A will be finite- 


dimensional. 
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We will now assume that every algebraic algebra that satisfies a polynomial 
identity of degree less than d is locally finite. By assumption A satisfies a multilinear 
identity of degree d. Since Au is a subspace of A it satisfies f as well. Next, we will 


decompose f into 


f(x1,.--,%a) = 219(%2,..., 24) + h(a1,..., 24) 


where «1 never appears first in any of the monomials in h. Setting x, = u, 


Lo = Qqu, 3 = Gyu,..., Lq@ = Agu, we have 
f(u, Ggu,...,Gqgu) = ug(Gqu, ...,dgu) + h(u,...,aqu). 
From the fact that h is multilinear the evaluation h(u,@gu,...,@gu) = 0. This is be- 


cause every monomial in the summand has a factor of the form 2;2, which substitutes 
to (aju)u = a;u? = 0 for some j = 2,...,d. We are left with 0 = f(u,...,a@qu) = 
ug(G@gu,...,aqu). 

In Au, let D = {x € Au | ux = 0}. Since (Au)D = {0}, D is a two sided 
ideal of Au. In addition D? C (Au)D, hence D? = {0} and from the above remarks we 
may conclude that D is locally finite. It follows directly from D that Au/D satisfies 
g(xg,...,%4) under the map sending Gut a@u+ D. 

Since Au/D satisfies a polynomial of degree d—1, by induction we can conclude 
that Au/D it is locally finite. Since D is locally finite, by Proposition 6.7 it follows that 
Au is locally finite. We have proven that Au is a non-empty locally finite left ideal of A. 
From Proposition 6.13, Au C L(A) which implies that L(A) 54 {0}. 

From both cases it has been shown that if L(A) # {0}, but from Theorem 6.12, 
L(A) = L(A/L(A)) = {0}. For this to be valid it must be that A = {0}, which implies 
that L(A) = A revealing to us that A is locally finite. O 


4] 


Chapter 8 


Conclusion 


The origin of Kurosh’s initial question can be traced to the Burnside Problem. 
Similar to the Kurosh Theorem, the Burnside Problem’s hypothesis is whether a group 
in which any finite collection of group elements all of which have finite order generates a 
finite group. In 1963 Golod and Shafarevitch introduced a technique in which a nilpotent 
algebra was constructed that is not locally finite. Thus showing that in absence of a 
polynomial identity an algebraic algebra may not be locally finite. With this, Kurosh’s 
Theorem provides the necessary and sufficient conditions for an algebra to be locally 
finite. From the Golod/Shafarevitch result an analogous group may be constructed that 
provides a negative answer to the Burnside Problem. We will recommend [Her05, p.187- 
193] to the reader that is curious of Golod and Shafarevitch’s construction of an algebraic 


algebra that is not locally finite. 
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